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S U M M A R Y  

T r a j e c t o r i e s  of rays are found in an ionized  paraboloid of revo- 

l u t i o n ,  i n  which the concentration of e l e c t r o n s  is dependent upon two 

coordinates.  The flux dens i ty  decrease at  the  expense of energy absorp- 

t i a n  in t h e  ion ized  medium is  determined, The condi t ions  f o r  r ada r  de t ec t  

i o n  of t h e  wake are ascertained. The magnitude of t h e  wake's e f f e c t i v e  

r e f l e c t i n r  sur face  is  coaputed f o r  a r a t h e r  a r b i t r a r y  d i s t r i b u t i o n  func- 

t i o n  of  free element concentration. 

... 

* 
* * 

IN TR O D  U C  T I  O N  

As a r e s u l t  of a n  ionized source ' s  motion i n  q a c e ,  t he re  fo rns  

behind i t  an ion ized  wake. The d i s t r i b u t i o n  of concentrat ion of f r e e  e lec-  

t r o n s  in t he  wake va r i e s ,  as a r u l e ,  a long t h e  wake's axis and i n  d i rec-  
t i o n s  perpendicular to it. The most appropriate  model of an  *ionized wake 

may apparent ly  be represented with t h e  he lp  of a parabol ic  system of coor- 
4 i n  3, t e 6. 

The i n i e x  of r e f r a c t i o n  of wake's ionized medium can zpmoprinte1;r 'ce 

w r i t t e n  i n  the form 



. e 

2.  

- .  Yere j ( & )  is an a r b i t r a r y  function of E,; 122;&,&) 5 s  a functlon of z1 =.. ~2 

w:-.icC gus t  be so se l ec t ed  t h a t  the  
e ikonal  equation may be resolved by 
t h e  method of va r i ab le  separat ion.  

. 

I n  the  following we shall con- 

s i d e r  t h a t  t h e  source emi t t i ng  the  e lec-  

t rona-ne t ic  waves is outs ide  the l i m i t s  

of t h e  wake .  

1. - SOLUTI9N OF TFS 2IIfOlJAL EQUATIOE 

0: which the deduction may be found in re ference  1112, may be wr i t t en  i n  

the  3arabo l ic  system of coordinates as follows: 

where hl, h2, h3 a r e  Lam6 c o e f f i c i e n t s  : 

hi = hz = V~I' + b', 
= fib 1'1 - E32. 

I f  we assume h = hl= h2s the  general so lu t ion  of the  equntion (3)  

where al, a2, a3 
The equation (4) represents  the su r faces  of equal  phases. It is 

w e l l  known c21 t h a t  when (4) is determined, t he  equat ions €or the  tra- 

j ec to ry  of the ' rays  are determined by t h e  Jacobi  theorem 

a r e  the  in t eg ra t ion  constants .  

e ./. . 
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Here tile c o ~ s t a n t s  a 
ray p x s e s  i n  a prez js i -ped  direct ion.  

a3) GI, C, 
3 

determb-e iLe point throu,-h which the  

Effec t ing  the d i f f e r e n t i a t i o n  of ( 5 ) ,  we shall obta in  a system of 

equations tllhich will allow the  f inding of t he  t r a j e c t o r y  of t he  rays i n  the  

wake : 

W e  s h a l l  choaze the  constants  C and C from t h e  condi t ion t h a t  1 2 
t h e  points  P o ! ; l ~ , & ~ , b )  lay on the t r a j e c t o r y  of t h e  ray ;  then 

t 
-3 

(?: 3 
= ( --- - 1 1 - ; i 3 2  
bl 

The cons tan ts  5 and a2 def ine  t h e  d i r e c t i o n  of not ion  of t he  ray. 

A t  the  point Po *lying on the  boundary of  the ray,  of which the  equation is 

the  d i r ec t ion  of the r a y  incident  upon t he  w a k e  must coincide with the  direc- 

t i o n  of the  rag propagating i n  the wake. The cons tan ts  al and a3 are deter-  
mined from t h i s  condition, s imi l a r ly  t o  the  way i t  was done in [SI: 

a12 = \d - Ed) cos2 a - E&,&o sin 2a, 

(7; a3z = (1 - *mz\ -: 
) .,0'&02 cos a. 
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The i n t e g r a l s  e n t e r i n g  in the  system of equat ions ( 6 ) ,  which are 

dependent on 3% and 

func t ion  #bid t he  i n t e g r a l s  depending on Jt are also easily computed, For 

f u r t h e r  calculations we shall represent  ( 6 )  in t he  forcl 

p i )  = 4, FGi = 0, 

may be easily computed. For c e r t a i n  forms of t h e  

(31 + 
and w e  shall f in6 the  equtition of the vec tor  T, tangent t o  ray t r a j e c t o r y  
i n  a n  a r b i t r a r y  poin t  of the  wake. The vector  T is 5eterEined ns the  vecto- 

-+ 

riG1 product of gradien ts  of functions F”) me F (21. . 

- - +  
where {’E, ,  e&, c!: - :.ire t he  o r t s  of the coordinate  system F:’= ~F“’/%I 

c a b l e  between t h e  vector T and t he  o r t  C will be denotec? by SI. lil-, 

This  is e i t h e r  the  incidence an@e (II>n!2; or r e f l e c t i o n  angle (n<n/2) 

of t h e  ray in the wake, In t h e  case when n = z / 2 ,  a r o t a t i o n  of tk=e ray t akes  

place. I n  o rde r  to find t h e  coordinates  of the  poin t  where the  rotation of 
t h e  ray t akes  place,  P J ~  shall makc use of the  forrcula 

I 

At the  r o t a t i o n  point cos II = O.Consequently, from the equation 

ill) Zi14 - a&,Z - a 3 2  - f ( S r 1 )  “si2 = 0 

we may f i n d  the  coordinate Jw of the r o t a t i o n  point  Pi(Sii, t i .  E31). 

As zin example we s h a l l  find the  value of &, xhcr, 

Resolving (111, we s h a l l  ob ta in  

If a3 = 0 9  we hzve 



The coordinates b a n G .  E31 a r e  respectively deternined from the first and 
second equations of t h z  system ( 6 ) :  

where 

where 

After the point of rotation, the ray, emer,&g from the wake, w i l l  
of which the coordinates a r e  

(14)  
( ? 5 )  

The ray propagates further in the free space i n  the direction of the 

vector T .  

The density decrease o f  the  electromagnetic energy flux at the ex- 

pense of energy absorption in the ionized wake may be coEputed by the fornula 
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where So is the  i n i t i a l  dens i ty  of t he  f l u x ;  k is the  wave number; 7c is 
the  absorpt ion coe f f i c i en t .  

The integral under the e:r,?onent is taken along the ray. Usually, t he  
z%sorpt ion c o e f f i c i e n t  of t h e  ionized nedium at  p o i n t s  where the r a y  passes ,  
may be apgroxinrately reTresented.5.n t h e  form 

z = x.).' IEJ / (Et, E?.) n7 xo = V ~ Q ,  I Zw, (;SI 

??Le5 

yrbbis t he  e f f e c t i v e  c o l l i s i o n  frequency of e l e c t r o n s  with ions ;  

c y c l i c a l  frequency of the inc ident  wave; 

!xo/w, E > 0. Here 6 i s  the  c o n h c t i v i t y  of the i o n k e d  medium; 

o is  the  

€ is t h e  d i e l e c t r i c  constant.  

A f t e r  t h e  remarks made i t  is necessary t o  find t h e  integral unCer 
the  exponent i n  (17) that deterclines t h e  value of the  weakening. 

The l eng th  e lenent  of t he  ray in the parabol ic  system of coordinates  

is 

Having deternined from (6) the de r iva t ives  rl&/dZ1 L.II~C d&/dE:, ani! also 
t a k i n g  i n t o  account (181, we s h a l l  ob ta in  

A t  ray's passzge tLrouzh the wake,the dens i ty  03 t he  f l u x  has its 
maximn weakening 

= 2 I ( h O 9  a17 a3) * (20) 
3 n a X  

Therefore, (19) de te ra ines  the  value of f lux dens i ty  decrease at the  

expense of energy l o s s  i n  t he  ionized i.:;:3ium i n  the  d i r e c t i o n  of propagation 

of t he  ray. 



3 .  - RADAR R E F ~ C T I O N  OF TEIE RAY FRO14 THE WAICE 

We shall consider  all the poss ib le  cases  of radar de tec t ion  of t h e  

ray. The wake may be detected by radar so long  as t he  r a y  is i nc iden t  and 
is r e f l e c t e d  from the sur face  of t he  wake along the normal to t h e  sur face .  

Th i s  means that 

Taking into account (101, we shdl have 

cos TI = 1. 

The las t  e q u a l i t y  i s  f u l f i l l e d ,  at first when f - 0 0 ,  which impl ies  

an i n f i n i t e  i nc rease  of e lec t ron  concentrzt ion in the wake, the  rays then 

r e f l e c t i n g  fro= the  surface of the  wake as i f  i t  were me ta l l i c ,  and seconsly,  
when -E?(ui2 + j 2 )  = 1232, which is f u l f i l l e d  only at a3 = 0. 

If 9 = 0, the t r a j e c t o r y  of the ray must l i e  i n  the  plane ZS = 1 .  

I4oreover, radar r e f l t c t i o n  of the ray f r o n  the  wake is poss ib le  

when t h e  condi t ion 
cos n P o  = -cos np2. 

i s  s a t i s f i e d  at wake boundary. Consequently, according t o  (10) we must hzve 

S u b s t i t u t i n g  (21) into (15), where a = 0, we shall obtain 3 

L e t  us consider  

Then 

Consequently 

(23) 
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T a k i n g  i n t o  account the  r e s u l t s  obtained in  the example brought out ,  

and e f f e c t i n g  subsequent transformations of (221, w e  shal l  have 

Formula (24) determines the d i r e c t i o n  of t h e  ray a t  t h e  chosen point 
px(Lu. L o ,  I ) ,  at which radar detect ion of t he  ray is possible .  

In a pa r t i cu lax  case i t  follows from (24) that at b 2 + o o i * l i - - t 1 ,  and 

cos  Eo+ G .  Consequently, at i n f i n i t e  increase  -in the  density of free e l i c -  

t r o n s  the wake I I o ~  n / 2, t h a t  is, t h e  rays ,  i nc iden t  on w a k e  sur face  along 

the  normal t o  the  surface, a r e  r e f l e c t e d  s t r i c t l y  backward. 

If b2 c' w, t h e  d i r ec t ion  of H,, from which the  wake is detected 

by radar, c o n s t i t u t e s  t h e  solution of the  t r anscenden t i a l  eauat ion (24). 
Formula (24) mag also be wr i t t en  f o r  t he  a r b i t r a r y  function f (j,).  

Then t h e  c u a n t i t y  Alin (24) must be s u b s t i t u t e d  by 

Ai = exp [4f%!("]. 

4. - EFFECTIVE RZFUCTII'XG SURFACE 
I -- 

The ray crosses  the  surface of t h e  wake at the  po in t  P3, of which 

the  Descartes coordinates  a r e  

Z? = - ; (El2 - Ea. 
The equation of t h e  ray passin3 thi-ough the  poin t  P2 and propagating in 
t h e  d i r e c t i o n  of t h e  vector  3 will be written in t he  form 

This  ray croases  the  srhere 
32 + 92 + 22 =:p (37) 

a t  the  po in t  P , whose coordinc?.tes axe determined 'by the  system of equations 
3 

(26) m d  (271, and are equal  t o  
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where 
+ +  

A = T,(TG, r2); 

TX,Tys T ?-re the  p o j z c t i o n s  of T on t h e  axis of the  coordinates. The z 
c o o r i i n a t e s  of the  point  P 
That i . 5  why t he  coordinates  8 )  y of t h e  poin t  P are c u r v i l i n e a r  coordina- 

tes  on a sphere of radius R. 

depend on t he  poin t  P as of the  parameter. 3 

Den0 t i n g  

a n d  de t e ra in ing  analogously g 

on the  sphere in the  form [3] 
and gss' we may write the  surface elcnent  

Z Z  

where (30) 

Therefore, the  bezm of rays, r G s t i i i g  on t he  fror-t  of the  wave i n c i -  

dent upon the a r e a  (!.si =L d l d y  = u':tlg / c o s  a, w i l l  cu t  out 7 3  ';fie sur face  of the  
sphere an area ds the  d i r ec t ion  of t h e  n o r m r  co wnich co inc ides  w i t h  

t he  d i r e c t i o n  of t he  radius-vector. Consequently, 
2 '  

(31) 

When c v ~ < R ,  formula (31) is simplif ied.  We may write a p r o x i m a t e l y  

where 

a r e  detzrmined analogously. Here the  q u a n t i t i e s  x gozz and goyy 03' Y 0 3 '  "03 
a r e  projections on the  axis of coordinates of t he  o r t  of the  vector  from 
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t he  point Pz t o  t he  point P However, when r2<E, they a re  equal t o  

d i r e c t i o n a l  cosines. According t o  (28) 
3' 

The q u a n t i t i e s  Tox, T , T are p ro jec t ions  of 3 i n  the r e c t i l i n e a r  og 02 0 
system of coardinates ,  which nay be expressed through the  respec t ive  projec- 

t i o n s  of To in the  parabol ic  system by the  fornula  

where 

It stens from formula (32) t h a t  t he  e f f e c t i v e  r e f l e c t i n g  sur face  of 
t he  w a k e  is -. 

t~ = ~ X / C O S O L ( T O ~ ) ~ / ~ ~ .  (33) 

The quant i ty  6 depend6 on the propagation d i r e c t i o n  of t he  ray having passed 

throuFh the  plasma wake, t h a t  is from the  vec tor  T which in its tu rn  Cepends 

on the  propagation d i r ec t ion  of the inc ident  ray and on t he  coordinates of the  
poin t  P lyinc in t he  plane of the  inc ident  ray f ront .  If the  propagation 

d i r e c t i o n  o f  t he  inc ident  r a y  is given, 
of P and consequently, it is dependent on li) y as of Gaussian coordinate 

paremeters. The cosine of the anqle between the  coordihate lines z =  const  
and y = const  on a sphere of rad ius  R is 

seen t h a t  when g = 0, the coordinate lines on the  sphere areorthogonal, 

This condi t ion is f i l f i l l e d  at a3=0. 

+ 
0 

-. 
To w i l l  be determined by the  pos i t i on  

A 

COB (2,s) = gozs Hence i t  may be 

OZY 



A s  an example of ap:lics.tion of the  formulas der ived we s h a l l  consi- 

der the  r e f l e c t i o n  of a plane wave from an ionized wake i n  the plane E s = ~  
= O .  I n  order to detercline 6 .  i t  

znC: T oxy' Toyf yozg' 
5 

O-rz' TOyc* *oca 

I n  t h i s  cases according t o  (71, 
is necessary t o  find the  de r iva t ives  of T 
A t  &=:  and ax= 0, these d e r i v a t i c s  m e  r e spec t ive ly  

Here 

T o y 2  = I!, 

rn 
J oxy = 0, 

It may be scJen frc: (34) th t  goZy = 0 at f = 1 
I 

and 3 -0. Thus, 

If the  i r r s d i a t i o n  of t he  wake by the radar s t a t i o n  t akes  p lace  from 
t he  forward hemisrhere = ci , COSU = 01, * t h e  e f f e c t i v e  r e f l e c t i n g  surface is 

= &*&%. 

2 It follows also from t h i s  formula t h z t  a t  b +oat 
G = nzio', 

which coincides  w i t h  the r e f l e c t i n g  su r face  of a m e t a l l i c  paraboloid [4]. 



. 
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If b + 0, 6 3 0. I f  the  i r r a d i a t i o n  of the wake by the  radar 

s t a t i o n  takes p lace  l a t e r a l l y  

1 

wherc g3" is determined f r o n  the fonnula 

l+Ai''. - = -- 
E i O  1 - Atli2 e 

Therefore, in order  t o  be able t o  i n v e s t i f a t e  the propagation of 
radiowaves in an ionized  wake it is appropriate  t o  u t f l i z e  a parabol ic  sys- 

tem of coordinates  of m t a t i o n ,  which @lows t o  find the t r a j e c t o r i e s  of 

of t h e  r a y s  i n s i d e  the  wdce ,  the energy absorpt ion of w a k e ' s  plasma and t o  
deteraine the  eff  c t i n g  r e f l e c t i n g  surface of t he  wake f o r  a rather a r b i t r a r y  

d i n t r i b u t i o n  func t ion  of free element concentration. 
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